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Abstract
The control of flexible robots that interact with the
environment presents some difficulties because the
mechanical environment is unknown. In this kind
of applications, force robust control rather than
position control is required. The purpose of this
paper is to model the mechanical impedance of
the environment contacted by a flexible link based
on the well-known spring-damper system typically
used in the literature, considering models of both
integer and fractional order. In particular, four
models are identified: 1) linear regression model,
2) spring-damper model, 3) spring-damper model
that also includes a spring for the robotic arm,
and 4) fractional order extension of spring-damper
model. Experimental results (impacts with ten di-
fferent objects) are given to identify the parame-
ters of the considered models. The goodness of the
adjustment is analyzed by a set of performance in-
dices. The results show that fractional models may
have better performance in comparison with classi-
cal alternatives proposed in the literature for the
objects used in this study.
Keywords: Flexible link, Contact, Soft material,
Mechanical impedance, Fractional order model.
1 INTRODUCTION
Flexible robotics constitutes a research field that
has aroused great interest in last years. Motivated
and imposed by the developed of industry, buil-
ding bigger and lightweight robots is a need in
the current context of this area of robotics [6, 7].
Furthermore, the complexity of its dynamics has
attracted interest of research fields as mechanics,
to design of robot with better characteristics, and
automatic control, to develop control systems of
high performances.
Typically, flexible robots are those that have a
flexible component, understanding as flexibility
the mechanical properties of body to elastic de-
form at request of a force or torque. Two kinds of
flexibility can be considered in robotics: in joints
and links. The first kind appears as a consequent
of torsion in the elements that join actuators (mo-
tors) and link. For the second kind, the flexibility
of links is owing to heavy loads or fast motions.
In this case, each link suffers a deformation and,
therefore, a change of the position of the tip re-
garding to the calculated it. In the robotic de-
signs, the second kind is chosen mostly and the fle-
xibility of links allow to reduce its weight and pro-
vide a set of significant advantages over the stan-
dard rigid robots. A lightweight flexible robot can
perform faster movements, is more easily trans-
portable, its payload-to-arm weight ratio is higher
and has a lower energy requirements [6].
The interaction of flexible manipulators with the
environment plays an important role when they
carry out tasks. These tasks, which can be classi-
fied in free (with no contact with the environment)
or constrained (with interaction with the environ-
ment), currently require manipulators with some
special properties, as mentioned above. This is
the reason why flexible manipulators are desira-
ble against rigid robots. The effects of the im-
pact with objects or humans in rigid robots cause
that the contact force grows very quickly, reaching
very high value. Thus, the collision may produce
the deformation or breaking of rigid arm and col-
lided object. However, these effects are reduced
in flexible arms owing to a significant part of the
kinetic energy of the robots at the collision ins-
tant is gradually transformed into elastic potential
energy of the robot links. Then, the contact force
grows slowly [9, 6]. However, the control prob-
lem of flexible manipulators turns more complex
[17, 20, 3, 16, 15, 4, 5].
The mechanical impedance of the environment,
unknown, is typically modelled as a spring-
damper system, as in above studies. Nevertheless,
this model is only valid for objects that are more
rigid than the flexible arms with interact to. For
other kinds of objects, the model does not iden-
tify that dynamics and therefore more complex
control strategies are needed to perform the tasks
correctly, i.e., arrive the correct position or inte-
ract with the object without damage it.
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Some recent works highlight a fractal structure of
some soft materials [1, 8, 23, 18, 21]. Such a frac-
tal structure consolidates the approach based on
the use of a non-integer model to characterize its
dynamic behaviour. A fractional model, due to its
infinite dimension nature, is particularly adapted
to model complex systems with few parameters
and to obtain an adequate exploitable model [11].
Likewise, non-integer models play an important
role in describing dynamical properties of linear
viscoelastic systems, as in case of biological tissues
(see e.g. [10, 19, 22, 12]) or mechanical systems
in general [13]. However, to the best of the au-
thors’ knowledge fractional identification methods
have not been applied to soft materials in robotics
applications.
Motivated by this context, this paper investigates
how fractional calculus can help to model the me-
chanical impedance of the environment, and con-
cretely soft objects, with which a flexible link con-
tacts in order to be able to design robust con-
trol during the interaction. For this purpose, an
experimental setup is built consisting of a flexi-
ble link, actuated by a motor, that interacts with
a soft object. The force exerted on the object
is measured by means of a load cell. A total of
50 experiments are carried out with ten different
objects (five experiments per object). For each
object, four different models are identified: 1) li-
neal regression model, 2) spring-damper model, 3)
spring-damper model with a spring for the robotic
arm, and 4) fractional order extension of spring-
damper model.
The remainder of this paper is organized as fo-
llows. The four models considered in this study
are explained in Section 2. Experiments, identi-
fication method, and results are discussed in Sec-
tion 3. Finally, conclusions and future works are
drawn in Section 4.
2 MODELS
Let consider a single-link flexible arm which is dis-
placed by a motor in vertical plane. This sec-
tion describes the mechanical impedance of ob-
jects when the tip contacts with it (constrained
motion).
For a better understanding of the problem to be
studied, let us formulate the following hypothesis:
a) Consider a link of negligible mass.
b) The velocity of displacement of the link is slow.
c) The mass of the load is quite a lot bigger than
that of the bar.
d) The arm is not affected by gravity.








Figure 1: Scheme of the mechanical impedance
of the environment: spring-damper model (Model
2).
As mentioned, the mechanical impedance of the
environment is typically modelled as a spring-
damper system. In this paper, four different mo-
dels are considered to characterize it as follows.
The first model (henceforth referred to as model 1)
considers a mechanical impedance given by lineal
behavior between the applied force –f(t)– to the
object and its displacement –x(t)– owing to its
deformation. Thus, the model can be expressed
as:
f(t) = a1x(t) + a0, (1)
where a1 and a0 are constants.
The second model (referred to as model 2) of the
mechanical impedance is the well-known spring-
damper model:




where K and b are the stiffness and damping cha-
racteristic of the objects, being x(t0) = 0 the posi-
tion of the impacted surface at the moment of the
collision and which is the equilibrium position at
which the object is not compressed and therefore
f(t0) = 0, as shown in Fig. 1. The spring re-
presents the elastic behavior, whereas the damper
refers to the dynamics of the object to absorb the
variation of displacement.
In Laplace-domain, the model can be expressed as







The third model (model 3) do not only consider
the dynamics of the environment, but also takes
into account the elastic nature of the actuator –
the load cell, in this case– that applies the force
with its tip over the object (see Fig. 1). Thus,








The last model (referred to as model 4) assumes
that the environment can be modelled as a frac-
tional order mechanical impedance (see Fig. 3)
given by




where α is the (unknown) parameter of the en-
vironment, which includes the possibility of vis-
coelastic and rheological effects. In this model,
pure spring and damper behaviour can be ob-
tained for α = 0 and α = 1, respectively
(see e.g. [13]). Thus, the spring-damper be-
haviour corresponding to a traditional mechani-
cal impedance can be represented when α = 1.
It must be remarked that dynamics of actuator
is neglected in this model owing to the actuator
has a less elasticity in comparison with the soft-
materials. To verified this assumption, the actu-
ator was characterized and modeled as a spring.
The carried out experiments –omitted for clarity
purposes– allowed us to determine a stiffness of
3885.05 N/m, which is one, or even two, order of
magnitude higher than that of the materials used.









This section contains the description of the expe-
rimental setup used to obtain the measurements
of the force applied to the object contacted and
the flexible link. It also explains the identification
method carried out to characterize the objects and
the results.
3.1 EXPERIMENTAL SETUP
The experimental platform consists of a flexible
link actuated by a stepper motor through a worm
screw. The base of the flexible link is attached












Figure 2: Scheme of the mechanical impedance
of the environment: spring-damper model with a
spring for the robotic arm (Model 3).







Figure 3: Scheme of the mechanical impedance
of the environment: fractional generalization of
spring-damper system (Model 4).
Table 1: Properties of the flexible link
Material Length Width Cross section Young’s Density
(mm) (mm) inertia (m4) modulus (N/m2) (kg/m2)
301 SS 31.75 7.925 2.33·10−11 2·1011 20389
to the worm screw, which is attached itself to the
output axis of the stepper motor which drives the
system. The worm screw only allows vertical dis-
placement. The stepper motor has a reduction
relation of n = 1890 . Figure 4 illustrates a scheme
of the experimental setup. The physical charac-
teristics of the flexible arm are given in Table 1.
The sensor to measure the force applied to the
object is integrated by a couple of strain gauges
which are cemented to both sides of the root of
the link. The position is known indirectly through
the excitation of the motor with a precision of
6.28 × 10−9 m. The electrical signal provided by
the strain gauges is conditioned by a strain gauge
amplifier and an analog-to-digital converter with
24-bit resolution. A microcontroller Atmel AT-
mega32u4 is used to govern the motor, read the
signal of the gauges and communicate with a com-
puter by USB. The system runs with a sampling
time of Ts = 10 ms.
Ten soft objects with different properties were se-
lected in this study to be identified. Five different






Figure 4: Configuration of the experimental setup.
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Table 2: Fitting results for the integer and fractional models for the objects impacted.
Model 1 (given by (1)) Model 2 (given by (3)) Model 3 (given by (4)) Model 4 (given by (6))
Experiment a1 a0 1/b K/b K1 K1K2/b (K1 +K2)/b 1/b K/b α
Object 1 154.65 −28.99 752.4 3.81 68.32 218.30 0.52 176.61 6.15× 10−12 0.35
Object 2 142.70 −25.31 975.9 6.17 92.66 78.75 1.93× 10−12 150.07 1.77× 10−1 0.25
Object 3 62.80 −29.65 85.71 7.76× 10−1 49.4 1299.00 23.58 52.49 3.24× 10−13 0.44
Object 4 110.19 −29.31 340.90 2.28 74.64 81.21 0.3076 112.55 1.08× 10−11 0.37
Object 5 77.02 −14.59 363.7 4.27 72.54 82.98 4404.00 72.54 1.52× 10−13 0.19
Object 6 93.79 −19.75 460.00 4.30 59.65 17.02 4.10× 10−8 93.18 1.10× 10−11 0.25
Object 7 140.03 −6.91 6809.00 48.49 127.30 19.62 1.30× 10−12 140.83 7.26× 10−13 0.04
Object 8 72.79 −23.64 208.7 2.35 37.95 31.82 2.99× 10−6 66.45 2.63× 10−12 0.31
Object 9 88.90 −17.49 512.40 5.27 58.24 43.32 1.09× 10−1 86.71 9.92× 10−11 0.21
Object 10 76.13 −11.64 752.00 9.62 77.72 5224.00 72.51 73.16 2.12× 10−12 0.13
Table 3: Performance indices for the integer and fractional models for the objects impacted.
Model 1 (given by (1)) Model 2 (given by (3)) Model 3 (given by (4)) Model 4 (given by (6))
Experiment MSE MAD R2 AIC w (%) MSE MAD R2 AIC w (%) MSE MAD R2 AIC w (%) MSE MAD R2 AIC w (%)
Object 1 221.00 12.70 0.9812 624.90 0 81.56 6.84 0.9931 510.26 0 24.77 4.11 0.9979 375.33 100 35.49 4.98 0.9970 416.68 0
Object 2 115.95 9.15 0.9907 617.25 0 44.92 5.57 0.9964 494.93 0 25.03 3.89 0.9980 421.59 0 16.89 3.33 0.9986 370.88 100
Object 3 313.13 14.89 0.9699 1526.90 0 176.63 10.34 0.9830 1375.20 0 526.98 19.70 0.9494 1666.90 0 57.06 6.78 0.9945 1077.80 100
Object 4 249.76 14.14 0.9787 892.88 0 110.97 9.01 0.9905 762.27 0 333.55 16.13 0.9716 941.53 0 39.96 5.34 0.9966 599.92 100
Object 5 150.63 10.59 0.9871 1162.50 0 137.18 10.40 0.9883 1140.90 0 207.18 11.83 0.9823 1238.20 0 64.45 7.25 0.9945 968.44 100
Object 6 105.12 8.60 0.9882 776.82 0 54.62 6.22 0.9939 668.15 0 980.09 22.97 0.8904 1149.50 0 20.43 3.77 0.9977 507.01 100
Object 7 17.76 3.24 0.9986 383.82 0 19.35 3.40 0.9984 395.15 0 12.27 2.78 0.9990 337.15 88.69 12.66 2.71 0.9990 341.27 11.31
Object 8 143.63 10.28 0.9850 1101.80 0 62.39 6.54 0.9935 917.55 0 8.70 2.70 0.9991 484.11 100 16.74 3.55 0.9983 628.81 0
Object 9 73.81 6.93 0.9920 769.73 0 38.80 5.21 0.9958 655.26 0 5.54 1.94 0.9994 310.88 100 11.65 2.64 0.9987 443.16 0
Object 10 45.61 5.58 0.9951 806.31 0 38.21 5.40 0.9959 769.10 0 80.72 7.78 0.9914 928.23 0 16.43 3.37 0.9982 594.00 100
total of fifty different experiments. Both the force
applied to the object and the displacement of the
flexible link due to its deformation were measured
in each experiment. For that purpose, the motor
is stimulated with a lineal velocity of 518 µm/s
until a force of 500 gf –4.90 N– is reached (the ex-
periment stops at that moment). It is important
to remark that, a test protocol was established
to guarantee the repeatability, reproducibility and
comparability of the results.
3.2 IDENTIFICATION METHOD
In order to determine what of the integer and frac-
tional models proposed characterizes better the
object impacted, an identification procedure was
developed to determine the parameters ai, bi, and
α of the models as follows.
The fitting procedure was implemented in MAT-
LAB. The parameters of models (1), (3) and
(4) were estimated through linear regression of
their corresponding time-domain responses based
on a least-squares fit. To estimate the parame-
ters of fractional model (6), an iterative process
was used based on least-squares fit: the fractional
coefficient was calculated by Nelder-Mead’s sim-
plex search method (implemented in the function








where N is the number of points, and yj and ŷj
are the real measurement and the model output,
respectively. The MSE alone is not relied upon
to evaluate the quality of the fit obtained by the
resulting models: other performance indices were
calculated as well. These were:





|yj − ŷj |
N
. (8)










where ȳ is the mean of the real measurements.
3. The Akaike information criterion (AIC) [2]:







N −K − 1
,
(10)
being K the number of parameters of the
model. The value of the AIC does not give
information about the quality of a model.
However, comparing the AIC values of di-
fferent models, it can be seen which ones
are more likely to be a good model for the
data, as a lower value indicates a more likely
model. Furthermore, if there are M models,
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provides the probability of model i being the
best of all the M models.
It is important to remark:
1. For the identification, the average of the five
experiments carried out for each object were
used.
2. The function fotf [14] was used in the iden-
tification process to obtain the time-domain
response of the fractional models.
3.3 RESULTS
Figure 5 shows the fitting results obtained for the
ten objects. The experimental data demonstrates
a different behaviour between objects and, conse-
quently, allows us to identify different grades of
soft materials. The plots also show that the re-
sponses of the proposed models, where it can be
seen that models 1 and 2 are not able to describe
the system dynamics: the values obtained for the
MSE are high. In contrast, the models 3 and 4
achieve the best fitting to experimental data as
will be described next.
The estimated parameters for the four models for
all the objects are given in Table 2, whereas Ta-
ble 3 includes the performance indices of the mo-
dels identified (the best results are in bold). Ac-
cording to Table 3, it can stated that fractional
model (6) achieves a better adjustment to experi-
mental data (in particular, for six of the ten ob-
jects). Consequently, fractional model (6) may
characterize successfully the dynamics of the im-
pact of a flexible link with soft objects. However,
it should be said that model (4) also performs a
good adjustment in some cases.
4 CONCLUSIONS
This paper has focused on modelling the mecha-
nical impedance of the environment contacted by
a flexible link based on the well-known spring-
damper system, but considering models of both in-
teger and fractional order. In particular, four mo-
dels were identified for a group of soft objects: 1)
linear regression model, 2) spring-damper model,
3) spring-damper model that also includes a spring
for the robotic arm, and 4) fractional order exten-
sion of spring-damper model.
The experimental data (a total of 50 experiments
with 10 different objects) was used to identify the
unknown parameters of the models. The good-
ness of the adjustment were analyzed by a set
of performance indices. The results showed that
fractional models had better performance in most
cases in comparison with the classical alternatives
proposed in the literature.
Our future work will include: 1) the design of ro-
bust controllers for this problem, and 2) the study
of contacts at any point of the link.
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